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In black hole thermodynamics, it has been observed that AdS black holes behave as van der Waals
system if one interprets the cosmological constant as a pressure term. Also the critical exponents
for the phase transition of AdS black holes and the van der Waals systems are same. Till now
this type of analysis is done by two steps. In the first step one shows that a particular metric
allows phase transition and in the second step, using this information, one calculates the exponents.
Here, we present a different approach based on two universal inputs (the general forms of the Smarr
formula and the first law of thermodynamics) and one assumption regarding the existence of van
der Waal like critical point for a metric. We find that the same values of the critical exponents can
be obtained by this approach. Thus we demonstrate that, though the existence of van der Waal like
phase transition depends on specific metrics, the values of critical exponents are then fixed for that
set of metrics.
PACS numbers: 04.62.+v, 04.60.-m
I. INTRODUCTION
In conventional thermodynamics, phase transition is
an important subject – it explains how a substance un-
dergoes a change from one phase to another. For black
holes, the investigation of phase transition was started
long ago by Davis [1] and was taken up later in a more
rigorous way by Hawking and Page [2]. Over the years,
many different ways have been proposed to characterize
and explore the different phases of a black hole. Re-
cently two approaches attracted a lot of attention. In
one approach, one mainly looks for the divergence of spe-
cific heat and inverse of isothermal compressibility [3]–[6].
Here black hole mass is treated as internal energy and
cosmological constant (Λ), if it appears, is taken as a
constant number. In the other approach, which is con-
fined to AdS black holes, mass is treated as enthalpy and
Λ is regarded as a pressure term [7, 8]. An interesting
feature of the second approach is that the thermodynam-
ical variables of the black hole satisfy a van der Waal like
equation of state and the critical exponents are identical
to those of standard van der Waals system. This was
first shown for charged AdS black hole [9] and then for
higher dimensional charged and rotating black hole [10].
Later a similar study was done for charged topological
black hole [11], quantum corrected black hole [12], dila-
ton black hole [13, 14], Gauss-Bonnet black hole [15, 16]
and also for Lovelock gravity [18]-[20], quasitopological
gravity [21] and conformal gravity [17]. This extended
phase space approach is also found to be quite successful
in equilibrium state space geometry [22, 23].
A remarkable feature of these studies [9]-[14] and simi-
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lar other studies [24]-[29] (for review, see [30, 31]) is that
the values of the critical exponents are independent of
the metric if one restricts oneself to any one of the two
approaches. Thus there is a clear signature of universal-
ity with the universality class being characterized by the
approach one choses to use. It is only too natural to ask:
what makes them universal?
Very recently we provided an method of exploring the
critical exponents in the context of the first approach
with a minimal amount of information about the metric
[32]. Here black hole satisfies usual first law of thermody-
namics, its mass is interpreted as internal energy and Λ
is treated as a pure constant having no significant role to
play. We demonstrated how it is possible to extract the
critical exponents with just a single assumption – a phase
transition point exists. It turned out that, this assump-
tion makes the whole analysis very easy and transparent.
In this paper our goal is the same but this time our study
is addressed to the second approach. Here, we want to
treat black hole mass as enthalpy so that Λ can be treated
as an intensive variable (i.e., a pressure-like term). Reas-
suringly, using this assumption, we have been successful
in calculating the critical exponents elegantly. This sat-
isfactorily complements our previous work [32].
Let us now mention the things we achieved here.
Present analysis clearly shows that if there is a van der
Waal type phase transition for a set of black holes, the
values of critical exponents must be same for that set
and these values can be calculated without any further
assumption about the spacetime. Although people intu-
itively expects this result, it has not been shown explic-
itly earlier. As already mentioned, before the calcula-
tion of critical exponents researchers give significant ef-
fort to find a spacetime which exhibits liquid-vapour type
of phase transition. Our work shows that once this type
of spacetime is found, calculation of critical exponents
for that spacetime is not really necessary. In this sense,
2present paper nicely complement the existing literature.
Before going into the main analysis, let us mention
the essential inputs that have been used to achieve our
goal. Since the general structure of the Smarr formula
and the first law of thermodynamics are very much uni-
versal, they are considered to be valid in all black holes.
In addition to this we also assume that there is a van
der Waal like critical point about which two phases of
black holes exist. These simple ingredients turn out to
be adequate for our purpose.
Notations: CV and KT denote the specific heat at con-
stant volume (V ) and isothermal compressibility at con-
stant temperature (T ), respectively. P stands for the
pressure of the system. The critical values of pressure,
temperature and volume are specified by Pc, Tc and Vc.
We mark order parameter, the difference between the
volumes of two phases, by η.
II. CRITICAL PHENOMENA: A UNIFIED
PICTURE
The critical exponents (α, β, γ, δ) for a van der Waals
thermodynamic system are defined as [33]
Cv ∼ |t|
−α ;
η ∼ vl − vs ∼ |t|
β ;
KT = −
1
v
( ∂v
∂P
)
T
∼ |t|−γ ;
P − Pc ∼ |v − vc|
δ ; (1)
where t = T/Tc − 1. Here v stands for specific vol-
ume which for a gaseous system is defined as volume
per molecules of the system [33]. Usually, every quan-
tity is calculated in terms of the specific volume. l
and s in the subscript refer to the two phases of the
system; e.g. in the case of normal thermodynamics, l
and s may be vapour and liquid phases. The critical
point is a point of inflection, denoted by two conditions
(∂P/∂v)T = 0 = (∂
2P/∂v2)T where P is expressed as
a function of temperature and specific volume. For the
AdS black hole case, it has been observed that the spe-
cific volume is a function of r+, the location of event
horizon (e.g. see [9] for AdS-RN black hole and for other
cases, refs. can be availed from [30, 31]). On the other
hand, as we shall see later, thermodynamic volume V ,
in general, is also a function of r+ only
1. Therefore it
is obvious that P can also be expressed as function of T
and V . Now to find the critical exponent α one needs
to find the entropy. This is done by taking the deriva-
tive of Helmholtz free energy (expressed in terms of T
1 In general, the thermodynamic volume (V ) is a function of r+,
angular momentum and charges of the black hole [34]. We shall
explain later that the whole analysis for Van der Waals like phase
transition happens for fixed values of angular momentum and
charges and so, in principle, we can take V as a function of r+
only.
and r+), with respect to T , keeping r+ constant. On the
other hand, for other exponents, P = P (T, v) has to be
expanded around the critical point. One can verify that
the expansion for P (T, v) will have the same form as that
for P (T, V ) where the variable (v/vc)− 1 plays the same
role as V/Vc−1. Hence, to find the critical exponents, we
can work with V instead of v as well. So in our analysis,
at the critical point, we impose the conditions as
∂P
∂V
= 0 =
∂2P
∂V 2
. (2)
Here in taking the derivatives, T is kept constant and P
is expressed as a function of V and T . The same was
also mentioned and adopted in the original work [9] (see
footnote 5 of this paper). We shall use these conditions
together with the basic definitions to find the values of
the critical exponents for a AdS black hole.
To start with, let us consider the two general results
which are universally established: one is the general form
of Smarr forumla and the other one is the first law of ther-
modynamics. The Smarr formula for a D-dimensional
AdS black hole, in general, can be taken as
M = f1(D)TS − f2(D)PV + f3(D)XY , (3)
whereM , T and S are mass, temperature and entropy of
the horizon while P and V are thermodynamic pressure
and volume, respectively. The values of the unknown
functions f1, f2, f3 depend on the spacetime dimensions
only. For example, in D = 4, one has f1 = 2, f2 = 2 and
f3 = 1. We shall see that the explicit forms of them are
not required for our main purpose. In the above equation,
X stands for electric potential Φ or angular velocity Ω or
both whereas Y refers to charge Q or angular momentum
J or both for a black hole. The corresponding first law
of thermodynamics is given by
dM = TdS +XdY + V dP . (4)
Note that, in the above expression M is not the energy
and the present form is not identical to the standard form
of first law2. But this can be expressed in the standard
form:
dE = TdS +XdY − PdV (5)
if one identifies the energy of the black hole as
E =M − PV . (6)
Thus M is the enthalpy of black hole. Using (3), the
Helmohtz free energy (F ) of the system is found to be
F = E − TS = (f1 − 1)TS − (f2 + 1)PV + f3XY . (7)
2 Discussion on “non–standard” first law of thermodynamics and
Smarr formula due to Λ can be found in [7], [8], [35]-[37].
3Now for a black hole, if one keeps Y constant then
mass (M) has to be a function of pressure (P ) and loca-
tion of the horizon (r+); i.e. M =M(r+, P ). The reason
is as follows. The location of the horizon is defined by
the vanishing of the metric coefficient and in general this
coefficient is a function of M , Y and P (as P = −Λ/8pi)
for a AdS black hole. Therefore, r+ = r+(M,Y, P ) and
hence for a fixed value of Y , M is a function of r+ and P .
On the other hand, we have V = V (r+) and in general
X = X(r+). Here it must be pointed out that, in general
V depends on not only r+ but also on the angular mo-
mentum or the existing charges of the black hole; i.e. on
Y (For example, see [34]). But since the analysis is done
for fixed value of Y , without any loss of generality, we
can take V as function of r+ only. Of course, if there is
any deviation from it, this has to be treated separately.
The first law of thermodynamics (4) shows that S can
be expressed as a function of the black hole parameters;
i.e. S = S(M,Y, P ). So by the above argument we have
S = S(r+, P ). Therefore the Smarr formula (3) shows
that for a fixed value of Y , one finds the solution for
pressure from the equation
P =
f1TS(r+, P )
f2V (r+)
−
M(r+, P )
f2V (r+)
+
f3X(r+)Y
f2V (r+)
, (8)
which has to be function of both temperature and hori-
zon radius; i.e. P = P (T, r+). Hence the free energy
(7) as well as S are in general functions of both T and
r+. Since entropy can be calculated from the relation
S = −(∂F/∂T )V (≡ −(∂F/∂T )r+ as V = V (r+)), the
evaluated value can be, in general, function of both tem-
perature and horizon radius. Now we find from (7)
−S =
(∂F
∂T
)
r+
= (f1 − 1)S + (f1 − 1)T
(∂S
∂T
)
r+
− (f2 + 1)V (r+)
(∂P
∂T
)
r+
. (9)
This gives,
0 = f1S + (f1 − 1)T
(∂S
∂T
)
r+
− (f2 + 1)V (r+)
(∂P
∂T
)
r+
. (10)
For a large class of black holes, it is found that pressure
is a linear function of temperature, i.e.
P = p0(r+) + Tp1(r+) . (11)
This, we want to take as an input for the AdS black holes
because it has been observed that those which exhibit van
der Waals like behaviour, have the above feature when
P is expressed as a function of T and r+. The same
also happens if one looks at the van der Waals equation
of state (e.g. see [9, 33]). Another way to see it is as
follows. In later discussion we shall see that near the
critical point, P to the leading order, is a linear function
of t = (T/Tc) − 1. Since all the critical exponents are
determined by the analysis very near to the critical point,
there is no loss of generality to take an expression like
(11). This, when substituted in (10), gives
f1S + (f1 − 1)T
(∂S
∂T
)
r+
− f1a(r+) = 0 (12)
where a(r+) =
1
f1
(f2 + 1)V (r+)p1(r+). The solution of
above first order differential equation is
S = a(r+) + C(r+)T
−
f1
f1−1 (13)
where C(r+) is an integration constant. Since f1/(f1−1)
is always positive for D ≥ 4, the last term of the R.H.S.
diverges as T → 0. So to be consistent with the third
law of thermodynamics, C(r+) must be zero. This leads
to (∂S/∂T )V = (∂S/∂T )r+ = 0; i.e. the specific heat at
constant volume CV = T (∂S/∂T )V = 0 and hence by (1)
one finds the value of the critical exponent α = 0.
Next we shall find the other critical exponents. Re-
member that the pressure here is in general a function
of both T and r+. Now since thermodynamic volume V
is a function of r+ only, we take P as function of T and
V for our purpose. Let us expand P (T, V ) around the
critical values Tc and Vc:
P = Pc +
[(∂P
∂T
)
V
]
c
(T − Tc)
+
1
2!
[(∂2P
∂2T
)
V
]
c
(T − Tc)
2
+
[( ∂2P
∂T∂V
)]
c
(T − Tc)(V − Vc)
+
1
3!
[(∂3P
∂V 3
)
T
]
c
(V − Vc)
3 + . . . . (14)
In the above expression, we have used the fact that at
the critical point (∂P/∂V )c = 0 = (∂
2P/∂V 2)c. Defining
two new variables t = T/Tc − 1 and ω = V/Vc − 1, and
above expression is written as,
P = Pc +Rt+Btω +Dω
3 +Kt2; (15)
where R,B,D,K, etc. are constants calculated from the
derivatives at the critical point. Here we have ignored
the other higher order terms since they are very small.
Now for the usual van der Waal’s system, below criti-
cal point there is a portion between the vapor and liquid
phases where both of them coexists which is either unsta-
ble or meta-stable and therefore experimentally this ex-
act form of the isotherm is not observed. Hence the ends
of the vapor and liquid phases are usually connected by
a straight line, parallel to the volume axis, to match with
the obtained isotherm for a substance by direct experi-
ment. Then one obtains two portions of van der Waal’s
isotherm and the straight line is drawn in a such a way
that the area of both of them are equal so that one has∮
V dP = 0. This is known as Maxwell’s area law. Since
we are treating the AdS black holes similar to van der
4Waal’s system, this law can be used here also [38, 39].
In addition, by keeping the analogy between the volumes
of vapor and liquid phases, it will be denoted that ωl
and ωs correspond to the large and small volumes of
black hole in two different phases. In between these two
we have mixture of both of them. Since we are inter-
ested in the isotherms, to use Maxwell’s area law we find
dP = (Bt+ 3Dω2)dω for constant t, which yields
∫ ωs
ωl
ω(Bt+3Dω2)dω+
∫ ωs
ωl
(Bt+3Dω2)dω = 0 . (16)
Next note that for the usual system, the end point of
vapor and the staring point of liquid have same pres-
sure. Similarly, here also the pressure does not change,
i.e. Pl = Ps, and then (15) implies
Bt(ωl − ωs) +D(ω
3
l − ω
3
s) = 0 . (17)
So the second integral of (16) vanishes. Therefore it re-
duces to
Bt(ω2l − ω
2
s) +
3D
2
(ω4l − ω
4
s) = 0 . (18)
One can now easily find the non-trivial solutions of the
above two equations. These are ωl = (−Bt/D)
1/2 and
ωs = −(−Bt/D)
1/2. Therefore we find
η ∼ Vl − Vs = (ωl − ωs)Vc ∼ |t|
1/2 , (19)
which yields β = 1/2.
To find γ we need to calculate KT , given in (1). So we
first find (∂P/∂V )T from (15). Upto first (leading) order
it is given by
(∂P
∂V
)
T
≃
B
Vc
t , (20)
where one needed to use ∂ω/∂V = 1/Vc. Therefore the
value of KT near the critical point is
KT ≃
1
Bt
∼ t−1 . (21)
This implies γ = 1. Next for T = Tc, the expression (15)
for pressure yields
P − Pc ∼ ω
3 ∼ (V − Vc)
3 ; (22)
i.e. the value of the critical exponent is δ = 3. It must
be pointed out that the derived critical exponents satisfy
the following scaling laws:
α+ 2β + γ = 2;
γ = β(δ − 1) . (23)
As is well known, these scaling laws are universal in na-
ture. Their thermodynamic analysis can be found in [40].
Note that in our analysis we consider the thermody-
namic volume as function of horizon radius only. In gen-
eral, this is not always true. For example when black
hole has some hair, V is not just the volume inside the
black hole but also the integral of the scalar potential and
hence it depends on both r+ and the charges correspond-
ing to the hairs (for instance, see [34, 41]). Also for some
black hole solutions, it may be possible that the entropy
is not only a function of r+ and T but also function of
other parameters of the spacetime. There is a hairy case
[42] in which this happens though volume is function of
r+ alone. Then it might come in mind that the present
general approach incorporates only those cases which are
consistent with the no hair theorem. In this regard, re-
member that in our present analysis, Y is kept constant;
i.e. we are taking the canonical ensemble. Then if there
is any hairy charge that should not be varied also and
hence V will be a function of r+ alone. In this situation,
such solutions behaves as Van der-Waal’s system. Of
course for an analysis in the grand canonical ensemble,
one needs to be careful and must deal them in a separate
way. There is another example [43] where S = S(r+, T )
corresponding to a solution with logarithmic correction
to entropy. This can be dealt in this present approach.
III. CONCLUSIONS
Using the tools of thermodynamics, phase transition
of completely dissimilar systems like chemical, magnetic,
hydrodynamic etc. has been studied thoroughly. Black
hole phase transition is a relatively new observation
which deserves careful study. Though the first order
phase transition from non-extremal to extremal black
hole is known for some time, there are various other
types of phase transition. A new type of phase tran-
sition has been found recently where cosmological con-
stant (Λ) is treated as dynamical variable (instead of a
constant) equivalent to pressure of hydrodynamic system
[9]. In this interpretation, phase transition of different
black holes has been shown to be quite analogous to van
der Waal’s system. Interestingly critical exponents found
from different metrics are same. This naturally deserves
some explanation.
It is well known that critical exponents of quite differ-
ent systems can be same. But for black holes, this point
is not well appreciated. In our previous work [32] we
showed that, starting from few very general assumptions
about the black hole spacetime, critical exponents can
be calculated. In that work we did not treat Λ as a dy-
namical variable. Present paper is a continuation of our
previous work. Here we take a different interpretation of
Λ. In this work we showed that, the single assumption
of existence of liquid-vapour type phase transition for a
spacetime determines the values of critical exponents. No
other assumption regarding the variables or dimensions
of spacetime is necessary.
Till now values of critical exponents are obtained first
by finding a suitable metric which exhibits this type of
phase transition and then by explicit calculation using
the definitions of exponents. Though expected, it re-
mained unexplained why these values are same for differ-
5ent AdS black holes. In this paper, we give a completely
satisfactory answer to this question. Thus our present
work nicely complements the existing scientific works in
this field.
It may be mentioned that, the analysis shows that the
values of the critical exponents are very much universal in
nature and also they are independent of spacetime dimen-
sions. In literature, different critical exponents have been
found very recently [21], usually known as “nonstandard”
critical exponents, for black hole solutions in higher cur-
vature gravity theory. These are not due to the analysis
around the standard critical point; rather around isolated
one. In that respect our analysis is different from them.
Of course it would be very much worthwhile to look at
such non-standard phase transition.
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